£5. Degree 2 algsbras

We have sald that nmost wall=hehaved lefL Meulang alpelbras zrs
alternative, Another gen=rval class for which this holds, besides the
division algehras, are the degree 2 algebras. 1In fact, if 3 degrae 2
alpebra i3 lefb alternative it is nacessarily left Meoufang (sven in

characteristic 27 and moreover allernative.

According te our general definitiom, 4 dis of d!’!ﬂ"‘tﬂ +wo  over a

field ¢ if

il
[l

(5.1) D e CEELY = 2, w1 51

for linezr t and quadrabic n. A left altemmative degrse 2 algshra is

antomatically lafe Moulang, indeed even alternztive.

(5.2} (Degree 2 Thoorem) . A left alternative alpebra of degree 2 over a

field iz alternarive,.

Preaf, Ta prove A is allernative we aged by {1.8) to eztahlish
Flexibilivy., How [Lx’Rxlz = [IK,?XIE = x{wez]-wexz = w{L{x)e+tt{eix-—nlx,z)1]

- (et mekt{xa)x-—n{x,=2=)1} = clzdfoix)e-nlx)1} =-n(x,2)x-t(xzlxmix,x7)1 by

E

linesrized (5.1), and =% {xz) = t{w)xz-x"w = nlxlz CTer x% = cix)l-x, so
K
[Lu’Rx]z = nfx.xe)-tiw®(xz)) 1L = [nlx,z)-—cl=%=2) =,

Thus flexibility will [ollow il we can show the bilinear Torm
[5.3%) Fix,v) = alx,v)-t{xsy) = nix, v+t (xy)-Lix)Ely)

vanishes identically. Since f vanishes whan = or ¥ is 1 (nix,1} = o)



follows by linearizing = = =.1 in (5.1) and wsing L{1) = 2). znd also when
x = v {taking traces of {5.1)) we may assume l,x,v are linearly independent.

First suppoese xv 1s linearly dependent en L,x,v. Then so is wu = uey-xy,

xy = aldgxtyy wbad = —nl=,y)
28 BHE' = L)
v o= a1+ Tk ty vy T o= px)

wkix +vxy we can (by independenca of

lirom t{=)=y-nixly = :-LL_‘F = #x(xy)
1,2¢,v) ddentifv cocfficients of % ta sse t{x)F = wlét(x)ivE. Thas

ndfv = 0, and dually with » and v dinterchanged

]

(5'5" UJF'E'T = ':\.T+5§1'\;fT = |:I.
Taking Eraces of (5.4) vields timv) = Zokde(x)+yely) = Za-{t{(x)—ylicl{y)-al

+t (=)o (w)+hy = oHivholxdolydta—P 'y = cix)blyitete’ by {5.3))
= t{x)t{vi-n{x,y) as redquired in (5.3).

Mow suppose =y is independent of l,x,v. We have the usual U-Tormula
(5.60) Uah = pia,b&a-n{alo® & $1+tatrdh

sinre af®a) = afarhl-z(ab) = a{t{a]h+L[b)a—n{a,h]l]—agb = t(b]az—n{a,t}a+n{u}b
= fefa)e(b)-nla,b)la+nla) (b-t(adi}l by (5.1) and left altarnmativiiy. Then
n = yixzy}—y{xfxy)}= vaz—uv,xvxr{xyj{xy}lg f¢l+$y+$xzi—fn{xv,x*}?+nEF,xﬁ}xv
—ny xy ) HE Cevd sy -n Cay) 11 E f;{xy}-n{x*,y}:xy+¥1+¢x+¢y, ga by indapendence
the coefficient £(x,y) of xv must be zaro.

Thus fix,vy) wanishes whelhsar xv is dependent or Independent of l,x,.¥

and by (5.3) A is flexible, M
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3.2

=
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-

5.5

ATV, 3 Ixercises

Shaw thal a left alternative degree 2 algebra over an arhitrary ring
of gcalars © ig left Moufang.

_— . s , ; ; ha
Ghow thabt if A is left alternmabiwve ol degree 2 go is any Lsotope Al J*

_{u) {u)

wikth & {23 = nf{u¥ %) and n (x) = n(udaixl,

Tf alx,v) vanishes identiczlly on A of degrese 2, shew A 15 commutative
1

o . = : : (n
of characteristic 2; otherwise show (over a field) some isotope A

{1
kas nonmere Lrace © ) £ 0,

17 A& La degree 2 pwer an alpebraically closed field & with vondegenerate
aorm form nlwx,v), show either A = ¢1 or A vontains a proper idempolenl

= ¢ 0,1.

S

T A of deeree 2 over an algebraically clesed field € ccntains a proper
idempotent € # 0, show for sach % there sre Lulinitely many RE § wilh
y = :-c+1r:‘-._,J separabla, so 4f [v,a,v] = 0 [er all separable y Lhen

[x,A,x] = € for 211 =. 1I[ v = aetf(l-e} is separable, show [v,h,v] =10

2t [e,a,2] = 0 for the didempatent e. Cenclude that ifF [a,8,e] = 0

for all idempotents & then A Is alternative,

Show [2y2,2] = 0 fur any % and any idempotenL e Lo a degree 2 lefr

alternative algzshra.



